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Abstract In this paper, a new nonpolynomial cubic
spline method is developed for solving two-parameter
singularly perturbed boundary value problems. Conver-
gence analysis is briefly discussed. Numerical examples
and computational results illustrate and guarantee a
higher accuracy by this technique. Comparisons are
made to confirm the reliability and accuracy of the
proposed technique.
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Introduction
We consider the two-parameter singularly perturbed con-
vection-diffusion boundary value problems of the form:
LyðxÞ  y00ðxÞ þ lpðxÞy0ðxÞ þ f ðxÞyðxÞ ¼ gðxÞ; x 2 ða; bÞ
ð1:1Þ
subjected to the boundary conditions:
yð0Þ ¼ a0; yð1Þ ¼ a1:
with two small positive parameters 0\  1, 0\l 1,
where p(x), f(x), and g(x) are sufficiently smooth real
valued functions with pðxÞ p[ 0; f ðxÞ f [ 0; and
gðxÞ g[ 0 for x 2 ða; bÞ. Under these assumptions,
problem (1.1) is characterized into two cases:
1. For l ¼ 0, problem (1.1) becomes reaction-diffusion
problem.
2. For l ¼ 1, problem (1.1) becomes convection-diffu-
sion problem.
This type of problem arises in the fields like engineering,
mathematical physics, and in many areas of applied
mathematics. We often come across boundary value
problems in which one or small positive parameter
multiplies with the derivatives. A large number of
research papers have been found in the literature for
single parameter convection-diffusion and reaction-dif-
fusion problems [2, 8, 9, 12, 16]. However, only a very
few authors have discussed two-parameter singularly
perturbed boundary value problems [4, 6, 7,
10, 11, 14, 16, 18–20]. The nature of two parameters is
asymptotically examined by O’ Malley [14]. Different
numerical methods have been proposed by various
authors for two-parameter singularly perturbed problems
such as exponentially fitted cubic spline method [7],
finite difference, finite element, and B-spline collocation
method [6, 11], Haar wavelet method [16], and expo-
nential spline technique [18]. For more information
about SPPs, readers are referred to books [13, 15] and
references therein.
In this paper, we introduce a new nonpolynomial cubic
spline method as an alternative to existing methods. The
paper is organised into five sections. In Sect. 2, we give a
brief derivation of nonpolynomial parameters cubic spline.
In Sect. 3, we presented the formulation of the method.
Convergence analysis is briefly discussed in Sect. 4.
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with the existing methods are given that demonstrate the
practical applicability and superiority of the proposed
method.
Nonpolynomial spline function
We consider a uniform mesh M with nodal points xi on
[a, b], such that M : a ¼ x0\x1\x2\;    ;\xn  1\
xn ¼ b, where xi ¼ aþ ih; i ¼ 0; 1; . . .; n; and h ¼ ðbaÞn . A
nonpolynomial spline function SMðxÞ of class C2½a; b
which interpolates y(x) at mesh points xi; i ¼ 0ð1Þn
depends on a parameter k, if we take k ! 0, then it reduces
to ordinary cubic spline in [a, b].
For each segment ½xi; xiþ1; i ¼ 0; 1; 2. . .n 1, we con-
sider the nonpolynomial cubic spline SMðxÞ of the form:
SMðxÞ ¼ai sin kðx xiÞ þ bi cos kðx xiÞ
þ ciekðxxiÞ þ diekðxxiÞ; i ¼ 0; 1; . . .; n;
ð2:1Þ
where ai; bi; ci, and di are unknown coefficients and k is a
free parameter which will be used to raise the accuracy of
the method.
Let y(x) be the exact solution and yi be an approximation
to yðxiÞ, obtained by the segment SiðxÞ of the mixed splines
function passing through the points ðxi; yiÞ and ðxiþ1; yiþ1Þ.
To determine the coefficients of Eq. (2.1) in terms of
yi; yiþ1;Mi;Miþ1, we first define:
SMðxiÞ ¼ yi; SMðxiþ1Þ ¼ yiþ1;
S00MðxiÞ ¼ Mi; S00Mðxiþ1Þ ¼ Miþ1:

ð2:2Þ
We obtain via a long but straightforward calculation
ai ¼ðk








hðk2yiþ1 þMiþ1Þ  ðk2yi þMiÞ
2k2ðe2h  1Þ ;
di ¼ e
2hðk2yi þMiÞ  ehðk2yiþ1 þMiþ1Þ
2k2ðe2h  1Þ ;
h ¼ kh and i ¼ 0ð1Þn 1:
Using the continuity of the first derivative at the point
x ¼ xi, we obtain the following tridiagonal system for
i ¼ 1; 2; . . .; n 1:
yi1 þ cyi þ yiþ1 ¼ h2ðaMi1 þ bMi þ aMiþ1Þ; ð2:3Þ
where
a ¼ ðe
2h  2eh sin h 1Þ
h2ðe2h þ 2eh sin h 1Þ ;
b ¼2 ½e
2hðsin h cos hÞ  ðsin hþ cos hÞ
h2ðe2h þ 2eh sin h 1Þ ;
c ¼ 2 ½e
2hðsin hþ cos hÞ þ ðsin h cos hÞ
h2ðe2h þ 2eh sin h 1Þ :




;2Þ, and then spline defined
by (2.3) reduces to a ordinary cubic spline relation [13]:
ðyi1  2yi þ yiþ1Þ ¼ h
2
6
ðMi1 þ 4Mi þMiþ1Þ: ð2:4Þ
The relation (2.3) gives ðn 1Þ linear algebraic equations
in ðn 1Þ unknowns yi; i ¼ 1; 2; . . .; n 1.
The method
At the grid point xi, the proposed two-parameter singularly
perturbed boundary value problem (1.1) can be discretized
as follows:
y00ðxiÞ þ lpðxiÞy0ðxiÞ þ f ðxiÞyðxiÞ ¼ gðxiÞ: ð3:1Þ
Using spline’s second derivative, we have
Mi ¼ lpiy
0


















yiþ1 þ 4yi  3yi1
2h
; y0iþ1 ¼
3yiþ1  4yi þ yi1
2h
;
pi ¼ pðxiÞ; fi ¼ f ðxiÞ and gi ¼ gðxiÞ:














ðapi1 þ bpi þ 3apiþ1Þ þ h2afiþ1
 
yiþ1




Finally, we arrive at the following system:
where
Ui ¼ ð3api1  bpi þ apiþ1Þ; Vi ¼ ð4api1  4apiþ1Þ;
Wi ¼ ðapi1 þ bpi þ 3apiþ1Þ; i ¼ 1ð1Þn 1:
Convergence analysis
In this section, we investigate the convergence analysis of
the proposed method. For this, let Y ¼ yðxiÞ; Y ¼ ðyiÞ;
C ¼ ðciÞ; T ¼ ðtiÞ;E ¼ ðeiÞ ¼ Y  Y ; i ¼ 1; 2; . . .; n 1 be
an exact column vectors, where Y; Y ; T; and E are exact,
approximate, local truncation error, and discretization
error, respectively.
We can write the standard matrix equation for the
method developed in the following form:
M Y ¼ C; ð4:1Þ
where M is a matrix of order ðn 1Þ with
M ¼ ðA0 þ A1 þ h2A2FÞ: ð4:2Þ

























¼ h2 aðg0  f0a0Þ þ bg1 þ ag2½  þ a0  lh
2


























¼ h2 aðgn  fnanÞ þ agn2 þ bgn1½  þ a1  lh
2











































































For the ðn 1Þ column vector C, we have
Now, considering the above system with exact solution
Y ¼ ½yðx1Þ; yðx2Þ; . . .; yðxn1Þ, we have
MY ¼ TðhÞ þ C; ð4:8Þ
where TðhÞ ¼ ½t1ðhÞ; t2ðhÞ; . . .; tn1ðhÞT is the local trun-
cation error vector, where












for any arbitrary choice of a; b, and c except a ¼ 1=6; b ¼
4=6 and c ¼ 2.










From Eqs. (4.1) and (4.8), we get
MðY  YÞ ¼ TðhÞ
or
ME ¼ TðhÞ; ð4:12Þ
where E ¼ ðY  YÞ ¼ ½e1; e2; . . .; en1T .
Clearly, the row sums M1;M2; . . .;Mn1 of M are
M1 ¼ c þ lh
2
ð3ap0 þ bp1  ap2Þ þ h2ðbf1 þ af2Þ; i ¼ 1;
Mi ¼ c 2þ h2ðafi1 þ bfi þ afiþ1Þ; i ¼ 2ð1Þn 2;
Mn1 ¼ c þ lh
2
ðapn2  bpn1  3apnÞ
þ h2ðafn2 þ bfn1Þ; i ¼ n 1;
If we choose h sufficiently small, matrix M becomes
irreducible and monotone [5]. It follows that M1 exists
and its elements are nonnegative. Hence, from Eq. (4.12),
we have
E ¼ M1TðhÞ: ð4:13Þ
Let m1k;i is the ðk; iÞth element of the matrix
M1: We define













In addition, from the theory of matrices, we have
Xn1
i¼1











where Qio ¼ 1h2 mini Mi[ 0; for some io between 1 to
n 1.
ci ¼
h2½aðg0  f0a0Þ þ bg1 þ ag2 þ a0  lh
2
a0U1; i ¼ 1;
h2ðagi1 þ bgi þ agiþ1Þ; 2
 i
 n 2;
h2½aðgn  fnanÞ þ agn2 þ bgn1 þ a1  lh
2
















; i ¼ 1; 2; . . .; n 1; ð4:19Þ
where K is a constant independent of h. It follows that
kEk ¼ Oðh2Þ:
However, for the choice of parameters, a ¼ 1=12; b ¼





; i ¼ 1; 2; . . .; n 1; ð4:20Þ
where K is a constant independent of h. It follows that
kEk ¼ Oðh4Þ:
We summarize the above result in the following theorem:
Theorem 4.1 Let y(x) be the exact solution of two-pa-
rameter singularly perturbed boundary value problem (1.1)
and let yi be the numerical solution obtained from the
difference scheme (4.1). Then, for sufficiently small h,
scheme gives a second-order convergent solution for any
arbitrary choice of a and b with c ¼ 2 and a fourth-order
convergent solution for a ¼ 1=12; b ¼ 10=12, and c ¼ 2.
Numerical examples
To test the viability of the proposed method based on
nonpolynomial cubic spline, two numerical examples are
considered. All the computations were performed using
MATLAB. We also compare our method with the existing
methods which shown improvement.
Example 1 Consider the following two-parameter singu-
larly perturbed boundary value problem, which is discussed
in [12, 19]:
y00 þ ly0 þ y ¼ 1; x 2 ð0; 1Þ; ð5:1Þ
subjected to the boundary conditions:
yð0Þ ¼ 0; yð1Þ ¼ 0: ð5:2Þ
The exact solution of the above problem is
yðxÞ ¼ ðe
k2  1Þek1x
ek1  ek2 þ
ð1 ek1Þek2x












Example 2 Consider the following two-parameter singu-
larly perturbed boundary value problem, which is discussed
in [6, 16, 19]:
y00 þ ly0 þ y ¼ cosðpxÞ; x 2 ð0; 1Þ; ð5:4Þ
subjected to the boundary conditions:
yð0Þ ¼ 0; yð1Þ ¼ 0: ð5:5Þ
The exact solution of the above problem is





2p2 þ ðp2 þ 1Þ2 ; q2 ¼
p
2p2 þ ðp2 þ 1Þ2 ;
w1 ¼ q1
1þ ek2














The numerical results corresponding to the Examples 1
and 2 are briefly summarized in Tables 1, 2, 3, and 4, and
Figs. 1, 2, 3, and 4. Comparison with other existing
methods are also listed in Tables 1, 2, 3 and 4. These
tables show that method is more accurate than the existing
methods.
Table 1 Comparison of
pointwise errors, Example 1
x # =0.1, l=1, n=32 =0.1, l=1, n=128
Lin et al. [12] Our method Lin et al. [12] Our method
1/16 2.74(-2) 3.27(-6) 6.8(-3) 1.15(-6)
2/16 2.59(-2) 5.44(-6) 6.4(-3) 2.18(-6)
4/16 2.30(-2) 3.98(-6) 5.7(-3) 3.72(-6)
6/16 2.04(-2) 1.61(-5) 5.0(-3) 3.92(-6)
12/16 2.50(-2) 8.52(-4) 4.0(-4) 4.45(-5)
14/16 3.30(-2) 1.70(-3) 9.4(-3) 9.61(-5)
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Tables 1, 2 show the pointwise errors at different values
of n and for small values of . Tables 3, 4 show the max-
imum absolute errors of the Example 2 for different values
of  and l. Figures 1, 2 compare the exact and approximate
solutions of Example 1 for  ¼ 0:1 and l ¼ 1, while
Figs. 3 and 4 report the exact and approximate solutions of
Example 2 for different values of  and l.
Table 2 Comparison of
pointwise errors, Example 1
x # =0.01, l=1, n=32 =0.01, l=1, n=128
Lin et al. [12] Our method Lin et al. [12] Our method
1/16 2.95(-2) 4.55(-6) 7.3(-3) 2.84(-7)
2/16 2.78(-2) 8.55(-6) 6.9(-3) 5.35(-7)
4/16 2.45(-2) 1.51(-5) 6.1(-3) 9.45(-7)
6/16 2.17(-2) 2.00(-5) 5.4(-3) 1.25(-6)
12/16 1.50(-2) 3.07(-5) 3.7(-3) 1.73(-6)
14/16 1.29(-2) 1.41(-3) 3.3(-3) 7.31(-7)
Table 3 Comparison of
maximum absolute errors,
Example 2
l # =102, n=128
Kadalbajoo et al. [6] Zahra et al. [19] Pandit et al. [16] Our method
103 8.3832(-5) 4.1924(-5) 4.2303(-5) 6.0243(-6)
104 8.2686(-5) 4.1296(-5) 4.1318(-5) 6.1827(-7)
105 8.2572(-5) 4.1232(-5) 4.1220(-5) 1.1455(-7)
106 8.2561(-5) 4.1226(-5) 4.1210(-5) 7.2269(-8)
107 8.25596(-5) 4.1225(-5) 4.1209(-5) 6.8266(-8)
Table 4 Comparison of
maximum absolute errors,
Example 2
l # =104, n=128
Kadalbajoo et al. [6] Zahra et al. [19] Pandit et al. [16] Our method
103 9.4446(-3) 4.7598(-3) 5.1964(-3) 6.2154(-3)
104 9.0436(-3) 4.2856(-3) 4.1710(-3) 1.8330(-3)
105 9.0036(-3) 4.2295(-3) 4.0754(-3) 1.1412(-3)
106 8.9996(-3) 4.2238(-3) 4.0659(-3) 1.3699(-3)
107 8.9992(-3) 4.2232(-3) 4.0650(-3) 1.3656(-3)
Fig. 1 Physical behaviour of numerical solution of Example 1 for
 ¼ 0:1;l ¼ 1; and n ¼ 32
Fig. 2 Physical behaviour of numerical solution of Example 1 for




In this paper, nonpolynomial cubic spline function is used
for finding the numerical solution of two-parameter con-
vection-diffusion singularly perturbed boundary value
problems. The computations associated with the examples
discussed above were performed using MATLAB. The
proposed method is computationally efficient and the
algorithm can be easily implemented on a computer.
Comparison of the method is also depicted through
Tables 1, 2, 3, and 4 which shown that our methods per-
form better in the sense of accuracy and applicability. The
solution profiles for the considered examples for different
values of  and l are given in Figs. 1, 2, 3, and 4.
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